Magneto-oscillations in Underdoped Cuprates by Varma, C. M.
Magneto-oscillations in Underdoped Cuprates
C. M. Varma
Department of Physics and Astronomy, University of California, Riverside, California 92521
The conventional interpretation of the recent magneto-oscillation experiments in underdoped
Cuprates, requires that there be a state of altered translational symmetry in the pseudogap state
which is not supported by structural and Angle Resolved Photoemission Spectroscopy (ARPES) ex-
periments. I show here that the observed oscillations may be reconciled with the conclusion arrived
in ARPES experiments that the fermi-surface, suitably defined, has the shape of four arcs which
shrink to four points as T → 0. Experiments, including infrared absorption in a magnetic field, are
suggested to distinguish between such a state from that obtained by the conventional interpretation
of the magneto-oscillations.
PACS numbers:
A series of remarkable experiments [1], [2] on very
high quality samples have recently reported observation
of magneto-oscillations (M-O) in the ”normal” state of
under-doped cuprates at high enough magnetic fields H
to suppress superconductivity. The experiments have
been interpreted in terms of the conventional Onsager,
Lifshitz-Kosevich theory for normal metals to suggest a
Fermi-surface cross-section of only a few per-cent of what
is expected of the Fermi-surface of optimally or over-
doped cuprates. In the theory of usual metals, such a
small Fermi-surface would require a change of transla-
tional symmetry from overdoped to underdoped cuprates
such that the partially filled band has a much reduced
number of carriers.
The conventional picture appears not in accord with
what is inferred through ARPES or indeed the thermo-
dynamic experiments such as specific heat and magnetic
susceptibility in the normal states. ARPES shows the
unusual phenomena of ”Fermi-Arcs” [3], below a tem-
perature which (within some experimental uncertainly)
coincides with T ∗(x), the temperature below which the
transport and thermodynamic property of cuprates show
characteristic changes. To the best resolution of the
ARPES experiments, (peaks in the spectral-function of)
one-particle states are found at the chemical potential
only over an arc of the expected Fermi-surface with the
angle Φ of the arc, measured from the (pi, pi) direction,
decreasing as temperature is decreased. Outside the arc
there is a gap at the chemical potential. Superconductiv-
ity intervenes so that the Fermi-surface, which it is use-
ful to remember in this subtle situation is a well-defined
concept only in the normal state as T → 0, cannot be
studied by ARPES. But the important point is that to
the best resolution of ARPES, small Fermi-surface pock-
ets, such as those that would occur if there was an altered
translational symmetry and which are suggested by the
simple interpretation of the magneto-oscillation experi-
ments, are not observed. This was already known for
Bi2212 samples; recently the same conclusion has been
arrived at samples of under-doped YBCO [10]. Con-
sistent with the ARPES experiments, specific heat and
magnetic susceptibility measurements [5], simply inter-
preted, reveal a density of states near the chemical po-
tential which varies significantly with energy on scales
of the order of the Landau level (LL) splittings. The
Onsager, Lifshitz-Kosevich theory assumes that the den-
sity of states near the chemical potential is uniform over
energies much much larger than the LL splittings. The
deductions from straight-forward application of this the-
ory to deduce the state of the system at H = 0 from the
magnetization or resistivity oscillations at large H are
therefore questionable.
Moreover, diffraction experiment have not observed an
altered translational symmetry in Cuprates setting in be-
low T ∗(x). A new symmetry [6] has indeed been discov-
ered by polarized neutron diffraction [7] in two differ-
ent families of cuprates and by dichroic ARPES [8] in
another. The phase below T ∗(x) breaks Time-reversal
symmetry and some reflection symmetries while preserv-
ing translational symmetry.
Recently, the ARPES data on samples of Bi2212 with
varying x was organized to suggest that the angle of the
Fermi-arc, Φ(x, T ), suitably defined, scales for different
x as a function Φ(T/T ∗(x)) with T ∗(x) [4], the same
temperature below which thermodynamic and transport
properties change their characteristic (marginal fermi-
liquid) power laws. Importantly for the present discus-
sion, Φ(T/T ∗(x)) extrapolates to 0 as (T/T ∗(x)) → 0.
The extrapolation, if valid, means that the Fermi-surface
of the (non-superconducting) pseudogap state is a set of
four-points. This interesting possibility suggested earlier
[6] is far from being definitively established. In this note,
I discuss how the observed magneto-oscillations may be
reconciled with a state with fermi-points. More impor-
tantly, I suggest a few definitive experiments to deduce
the density of states near the fermi-points and to tell the
difference from the small Fermi-surface pockets scenario.
A much discussed recent example of a solid with
fermi-points (Dirac-points) is Graphene. Magneto-
oscillations at constant chemical potential, periodic in
1/H are observed and understood in Graphene [11].
The fermi-surface deduced is small, given by the kF
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2measured from the Fermi-points. (Such Dirac points
occur also for two-dimensional d-wave superconductors,
but the considerations for magneto-oscillation in super-
conductors have additional subtleties [14].) However as
explained below, there are important differences between
the contours of constant energy near the fermi-points of
the Cuprates compared to such contours in Graphene.
In the arguments below, I will use methods which repro-
duce the known results in Graphene (and in conventional
metals) and indicate the differences that arise for the
case of Fermi-points in underdoped Cuprates.
Magneto-oscillation Experiments:
In graphene the dispersion of particles measured from
the Dirac-points is E(k) = ±v0 · k leading to a density
of states proportional to the energy |E| measured from
the Dirac points. The energy of the Landau levels (LL)
is quite different from that in usual metals; it can be
calculated directly [9] to be
Ep = ±hv0|p|1/2(H/2φ0)1/2 (1)
p are integers and φ0 = ch/e is the quantum of flux.
The LL’s spread out on either side of the Dirac point as
H is increased (with that at p = 0 tied to zero energy)
and their separation is ∝ H1/2. Magneto-oscillations at
constant chemical potential with oscillations periodic in
1/H have been observed, and calculated [13]. At T = 0,
the calculation can be done in a simpler way and for
a more general density of states in zero field, so that
they are also applicable to the cuprates as well as for
experiments at constant particle density.
Important features of magneto-oscillations follow sim-
ply from the quantization requirements of orbits in a
magnetic field and are independent of details of density
of states n(E). The physics is especially simple for the
case of a two-dimensional solid. Consider that the two-
dimensional density of states in H = 0 varies near the
chemical potential µ = 0 as
n(E) = n0(E/E0)α, |E| . E0. (2)
For Graphene, α = 1. For the pseudogapped cuprates,
one model [6] gives α = 1/2.
Apply now a magnetic field H normal to the solid.
Landau levels must form whose degeneracy is given
by the requirement from Bohr-Sommerfeld quantization
that the flux enclosed by the semi-classical orbits must
equal the quantum of flux. Since such Landau orbits
must fill the two-dimensional space for each Landau level,
each Landau level in a sample of unit area normal to the
field has a degeneracy H/φ0.
Let Ep be the energy of the Landau level, p = ∓1
referring to the LL just below/just above E = 0. Then
the difference in energy between successive Landau level
is given by the requirement that the number of states∫ (Ep+1−Ep)/2
(Ep−Ep−1)/2
dEν(E) = H/φ0 (3)
. (I have neglected spin splitting of LL’s in this discus-
sion.) It follows from Eq.(2) that the density of states in
a field H in the pure limit is
nH(E) =
∑
p
H
φ0
δ(E − Ep). (4)
with
Ep ≈ ±δ−δ|p|δE0( 1
n0E0
)δ(H/φ0)δ; δ = (1 + α)−1. (5)
One can check that this reproduces the results for the two
cases derived more conventionally:(1)The uniform den-
sity of states, α = 0, where δ = 1, i.e. the Landau levels
are equally spaced and Ep = pωc. The case of Graphene
[13] where α = 1, so that δ = 1/2.
Consider, for example, the de Haas-van Alphen effect
or oscillatory Magnetization M(H). In two dimensions
it is necessary to separately consider the two cases [15]:
(i) The particle density is conserved. The chemical
potential µ lies on a LL and the number of particles in
it changes and it moves in energy with field. When it
becomes occupied with the maximum number allowed,
µ jumps to the adjacent unfilled LL, and so on. (ii) The
chemical potential is fixed and is in general in between
the LL’s so that all LL’s are either fully occupied or
completely empty.
Magneto-oscillations at constant particle density
Consider the case of oscillations at constant particle
density, when the chemical potential is always at a LL.
For the case of Graphene the chemical potential remains
on the p = 0 LL as the field is varied. Then there can be
no oscillations. But as explaned below, no LL may form
in the Cuprates at the zero of energy. The oscillations
then must take into account the variations in the chemical
potential as the magnetic field is varied. Suppose at a
field H, p LL’s are completely filled, each with H/φ0
particles per unit area. To keep constant density, the LL
closest to 0 energy is partially filled with density (H/φ0)ν
particles per unit area, with 0 < ν < 1. The chemical
potential lies in (and moves with) this LL as the total
number of LL’s changes as H is changed. The density
of states per unit-energy and per unit area near . n(E)
defined in Eq.(2) is given in two dimensions by 2pidS/dE,
where S(E) is the area in momentum space at constant
energy surface k(E). Then subject to the approximation
that S(E) near E = µ does not change for nearby LL’s,
ν(H) is given by the Onsager semi-classical quantization
condition.
2piS(µ) =
H
φ0
(ν + p), (6)
3In 2D, Eq. (6) is just the condition, in the approximation
mentioned, that the density of particles does not change
in the magnetic field. We can rewrite (6), by defining a
field H = H(p), where the p-th level has ν(H) = 0+, so
that
ν(H) = 2piS(µ)φ0(1/H − 1/H(p)). (7)
This also satisfies the condition that the p-th level has
ν(H) = 1− at a field H ′(p) = H(p+ 1) = pH(p)/(p+ 1)
where the p + 1th LL has ν(H) = 0+. Therefore in or-
dinary two-dimensional metals with a smooth density of
states over several times the LL separation, ν fluctuates
from 0 to 1 as a periodic (triangular) function of 1/H,
with period
Ω =
1
H ′(p)
− 1
H(p)
=
1
2piS(µ)φ0
, (8)
provided S(µ) is independent of H. Note that 2piS(µ)φ0
is equal to the density of particles in the band integrated
from E = 0 to the energy of the first LL. For an ordi-
nary two-dimensional material, the density of states can
be assumed smooth in a region of the several times the
cyclotron energy around the zero-field chemical potential
µ(0) so S(µ) is very weakly dependent on H. The physi-
cal properties such as the magnetization then oscillate as
µ(H) does with a period given by Ω.
Suppose the density of states varies as Eq.(2) so that
the energy of the LL’s move away from µ(0) on both sides
as H is increased, as in Eqs. (4,5), and that there is no
LL at energy 0. Then µ(H) stays in the LL nearest en-
ergy 0 with increasing H while its occupation decreases
to 0, whereupon the total number of LL’s decreases but
µ(H) stays again at the the new LL nearest to energy 0.
Its occupation begins to decrease from 1 as H is further
increased, and so on. Physical properties in this case still
oscillate because ν(H) oscillates. For example, the mag-
netization at constant particle density may be calculated,
following Ref.(15) using
∂M
∂ρ′
|µ = − ∂µ
∂H
|ρ′ , (9)
and integrating with respect to ρ′ from the density of
the filled LL’s to the actual density, or equivalently from
ν = 0 to ν(H). Magnetization oscillates then with the
same period, Eq.(8), as ν(H).
Another important point is that the dependence of
S(µ) on H may not be ignored if the density of states at
successive LL’s in which µ(H) lies differs significantly.
The dependence of S on H is smooth and does not affect
the periodicity condition if H ′(p) − H(p) << H, the
value of the field in which the experiments are done. If
H ′(p) − H(p) . H, one would be in the condition for
quantized Hall effects. In between these two extremes,
there should be a slow change of period in 1/H with H.
This is one of the experiments suggested below.
Experiments at constant total particle density
but with part of the density in chains and the
other in planes
M-O experiments are done so far only in samples in
which besides the Cu-O planes, there are also Cu-O
chains. The latter do not form Landau-levels but for
fixed total density, as the common chemical potential of
the planes and the chains changes, the density in both
the planes and the chains changes, with the total held
constant. Let ρ1 and ρ2 be the number of particles in
the chains and the planes in the area of a unit-cell re-
spectively, with the total density ρ = ρ1 + ρ2. Let n1(0)
be the density of states of the chains per unit-energy
in an area of the unit-cell near the chemical potential,
and µ(H) be the chemical potential. Then the condition
∂ρ/∂H = 0, gives
H
φ0
(∂ν/∂H) +
ν
φ0
+ (
p
φ0
+ n1∂µ/∂H) = 0, (10)
together with the equation µ(H) = −dE0(H)/dρ, where
E0(H) is the ground state energy in the field H. (With
n1 = 0, Eq.(10) has Eq.(7) as the solution.) Consider
µ(H) as H is decreased. It is stuck on a given LL and
moves with it as its population ν(H) changes from 0 to
1, and this LL is full. Then µ(H) lies at fixed energy in
the continuum of the density of states in the chains till
the next LL arrives with its population at 0+; the process
then repeats. The period of the oscillation of ν(H) as a
function of 1/H may be calculated again as in Eq.(8) to
get
Ω′ ≈ (δρ(E1)φ0)−1, (11)
(δρ(E1)) is the density of particles in the planes and the
chains obtained by integrating the density of states from
energy 0 to the (filled) LL nearest to the energy 0. This
result requires the further approximation that the con-
tribution of the number of particles in the chains varies
linearly with H, which is consistent with the approxima-
tion made earlier to get oscillations periodic in 1/H in
the case of planes alone.
We may estimate (δρ(E1)) at the typical field, 50
Tesla of the experiments. The energy of the first landau
level for E0 ≈ 1000K,N(0) ≈ 1state/eV/unit − cell is
E1 ≈ 400K. It has a degeneracy of about 10−2 states/
unit-cell. In this energy range, the number of states in
the chains is ≈ N1(0)E1 ≈ 4 × 10−2states per unit-cell.
So (δρ(E1))approx5× 10−2states per unit-cell.
Experiments at constant chemical Potential
The experiments in Cuprates are done at constant par-
ticle density but for completeness, I give the results for
4experiments at constant chemical potential using the sim-
ple procedure given for instance in Ref. (15). For a
constant chemical potential, the oscillatory part of the
magnetization is also periodic in 1/H for any density of
states and has the form:
Mµ(H) ∝ P((µ1+α/(A0E0)1+α)/(H/φ0)) (12)
P is a triangular periodic function of its argument (in
two dimensions). For µ → 0, the period of oscillations
tends to ∞. For finite µ and a constant density of
states, the conventional behavior, oscillatory period
proportional to µ ∝ the cross-sectional area of the
fermi-surface is obtained. For α = 1, the results are the
same as those calculated and for Graphene [13]. In that
case µ = vF kF is to be measured from the Fermi-points.
The information from the oscillatory magnetization
gives k2F , the cross-section sectional area at µ; since this
is to be measured from the Fermi-points, it can give a
small Fermi-surface indeed. These considerations are
in agreement with the magneto-oscillation experiments
[11, 12] done in Graphene at constant chemical potential
by fixing gate voltage.
The phenomena of Fermi-arcs in Cuprates.
For Graphene (or d-wave superconductors), there ex-
ists points k = kF (θ), at θ = 0 where E = µ = 0. At any
finite energy ±∆E, there exist closed contours k∆E(θ)
around the points at E = 0. The velocity v(k) = ∇kEk
on any contour is normal to the contour at every point so
that in a magnetic field normal to the plane, the Lorentz
force drives the electrons along the contour. On the other
hand, the phenomena of Fermi-arcs, as deduced from
ARPES experiments, implies that no closed constant en-
ergy contours encircle the Fermi-points for energies below
the pseduogap energy at H = 0. For example, a theory
[6] giving such arcs has an electronic dispersion
E(k) ≈ (k)− µ±D(θ, ((k)− µ)), for E(k) >,< µ.
(13)
D(θ, ((k) − µ)) ∝ cos2(2θkˆ), so that k = kF (θ =
0,±pi/2, pi) are the Fermi-points. Around such points,
contours of constant energy k∆E(θ) are not closed; there
are two arcs of constant energy, one for ∆E < µ and
one for ∆E < µ with a gap 2D(θ). This is illustrated
in Fig.(1). An important point to note through Fig.(1)
is that the change in velocity as energy is increased near
the chemical potential is opposite to that for a normal
fermi-surface. One would therefore expect the sign of
the Hall effect to be opposite the normal sign. This is
what is observed [1].
To get closed orbits in such a situation, magnetic
breakdown [16, 17] is necesary. Magnetic breakdown has
always been a misnomer since the effect happens at any
field and only the amplitude of the oscillations depends
on the field. Magnetic breakdown cannot be discussed in
Y
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FIG. 1: Schematic of a few contours of constant energy
which are consistent with the shrinking of ”Fermi-arcs” to
zero around one of the Fermi-points in the pseduogap phase.
The dotted line is the Fermi-surface without a pseudogap; the
dashed lines are contours for energies smaller than the chemi-
cal potential and the full lines are contours for energies larger
than the chemical potential. Note that there is a gap 2D(θ)
at the point on the dotted lines where the dashed lines and
the full lines touch.
semi-classical terms and can be explained in the follow-
ing way. Suppose one has a multi-sheeted fermi-surface
of a metal with a direct gap E0 between two bands near
the fermi-energy with Eb = E20/Ef smaller or compara-
ble to the cyclotron energy ωc, where Ef is the fermi-
energy . Generally, the p.A(r) term in the Hamiltonian
has off-diagonal matrix elements between the valence and
the conduction bands near the same value of momen-
tum. Here A(r) is the vector potential for the externally
applied magnetic field. Then the states in H are linear
combination of the states of the two bands and in general
form new closed orbits. The amplitude of the oscillations
depends on the ratio Eb/H [16]. The matrix element of
coupling between the bands produces a phase-shift δm;
therefore to complete a semi-classical orbit with a total
phase-shift of 2pi, the effective area of the orbit is smaller
than for closed orbits. Since (in the leading approxima-
tion) δm ∝ H as is the phase-shift moving along the arcs
of constant energy, no change in the dependence of the
oscillatory phenomena with H is entailed. The degener-
acy of the effective Landau orbitals is now H/φm with
φm = φ0(1 − δm/2pi). Calculating δm requires detailed
knowledge of the unperturbed band wave-functions and
is complicated.
Consider now the situation of the electronic structure
of Cuprates with the four fermi-points as described
above. The obvious ”magnetic breakdown” is just the
transition across the gap 2D(kˆ). An important point
to note is that since the closed orbits from states in
the pseudogap energy region are formed due to the
perturbative admixture of states above and below the
chemical potential, no p = 0 LL at the chemical potential
can exist. This is an important distinction from the LL’s
5in Graphene.
Estimation of the Period of Oscillations
It is important to show that the expected period
from the above analysis is similar to the experiments.
The period of the oscillations in the experiments [2]
done in a field around 50 Tesla in Y Ba2CU3O6.5 is
Ω ≈ 2 × 10−3Tesla−1. Let us compare the observed
Ω with that one may estimate using Eq. (11). Taking
N(0) ≈ 1/(ev − unit − cell), where the unit-cell has an
area A0 ≈ 16Angstroms2, and N(0) includes the con-
tribution of both Cu-O planes in the unit-cell and in-
cluding the effect of the chains as estimated following
Eq.11, the period calculated is ≈ 3× 10−3Tesla−1. This
is necessarily a crude estimate. Beside the uncertainty
of the parameters to factors of O(2), no account of the
phase-shift due to magnetic breakdown necessary to form
closed orbits has been taken into account. One may how-
ever conclude that the estimate does not rule out the
consistency of the magneto-oscillation results with the
”Fermi-arcs” turning to Fermi-points as T → 0 suggested
by other experiments. Note the important fact that the
sign of the Hall effect by these consideration is opposite
to that one would get from the conventional interpreta-
tion with small Fermi-surface pockets brought about by
a new translational symmetry. This has been a principal
mystery about the experimental results.
Yet another point to note is that although the LL sep-
aration is an order of magnitude larger than normal, the
spin-splitting is the normal value. In such a case it may
be hard to resolve the spin-splitting except if the Q of the
oscillations is very high. Experiments rotating the direc-
tion of the field to discern the spin-splitting have failed
to see any [18].
Experiments to Distinguish between Fermi-
Points and Conventional Small Fermi-surface
To distinguish the ideas of this paper from the conven-
tional small Fermi-pockets scenario, one needs to have
experiments, which will yield qualitatively different re-
sults for the two cases. Three experiments are proposed
here.
(1) The most direct and the most important experi-
ment to do is infra-red absorption as a function of mag-
netic field. For the conventional situation the successive
absorption peaks due to transitions between the unfilled
LL’s to the un-filled LL’s are separated by the cyclotron
energy ∝ H. For Fermi-points, as derived in Eq. (5),
they are separated by Hδ. For Graphene, this behav-
ior with δ = 1/2 has already been observed [12]. For
Cuprates, the dispersion of Eq.(13) gives δ = 2/3 is ex-
pected. In general any δ < 1 can only be consistent with
a density of states which goes to zero at µ(0), (apart from
the effects due to impurities).
(2) In the underdoped cuprates, the oscillatory period
should →∞ if the experiment can be done such that at
zero field the density of states at the chemical potential
is 0, as suggested by the shrinking ”fermi-arcs”. This re-
quires doing magneto-oscillation experiments in cuprates
at constant chemical potential. There should also be a
quantitative difference in experiments on cuprates with-
out chains.
(3) The slow variation of the oscillation frequency
due the field that has already been discussed. The
magnitude of the effect is that a factor of 2 change in
the field in the experiments should increase the period
by about 10%.
Concluding Remarks
A valid theory of Cuprates must be based on a sin-
gle set of ideas from which all the universal observed
properties should be derivable. The predicted quantum-
criticality in Cuprates which may now be regarded
as definitively established experimentally is the central
aspect of such a set of ideas. From the quantum-
critical point in the phase diagram emanate a broken
time-reversal symmetry state with peculiar properties,
a quantum-critical region with scale-invariant univer-
sal transport and thermodynamic properties truncated
at low temperature by a superconducting phase, and a
Fermi-liquid region. It is therefore important that the ob-
served magneto-oscillations in the broken symmetry state
be well understood within the same framework. In this
paper, I have tried to show that if the broken symmetry
state (the pseudogap state) has a ”normal” ground state
with four fermi-points, the observed magneto-oscillations
can follow. Unlike the normal state of graphene, the four-
fermi-point ground state of Cuprates requires a magnetic-
field induced formation of closed orbits to have magneto-
oscillations from the two-dimensional states and the in-
clusion of the particles in the chains to get reasonable
quantitative agreement with the observed period of os-
cillations. Since neither the occurrence of the four-fermi
point ground state nor the fulfilling of these requirements
is proven experimentally beyond doubt, it is important to
have further experiments. Toward resolving the ground
state electronic structure in the pseudogap phase of the
Cuprate, I have proposed a few new experiments in a
magnetic field. Of these, infra-red absorption in a mag-
netic field would be the most revealing of a ground state
with four fermi-points.
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